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$F(x, u_{1,\ldots,\ell}u)\in \mathrm{C}[x, u_{1}, \ldots, u_{l}]$ $F(x, u)(\text{ }$ :
$F(x, u)=f_{n}(u)x^{n}+f_{n}-1(u)xn-1+\cdots+f0(u)$ (1)
$f(u)$ $u_{1},$ $\ldots$ , up (total-degree) tdeg $(f)$ $f(u)$
(order) $\mathrm{o}\mathrm{r}\mathrm{d}(f)$ $f(u)/g(u)$
$\mathrm{o}\mathrm{r}\mathrm{d}(f/g)=\mathrm{o}\mathrm{r}\mathrm{d}(f)-\mathrm{o}\mathrm{r}\mathrm{d}(g)$ $F(x, u)$ $||F||$
$F(x, u)$ $O(\in)$
$\in$ $\in$
$f_{n}\neq 1$ $F(x, u)\vdash\Rightarrow\overline{F}(x, u)\mathrm{d}\mathrm{e}\mathrm{f}=f_{n}^{n-1}F(X/fn’ u)$
$F(x, u)$ $x$ $\overline{\chi}(u)$ $\tilde{F}(x, u)$ $\tilde{\chi}(u)$ $\overline{\chi}(u)=\tilde{\chi}(u)/f_{n}(u)$
$F(x, u)$
$(f_{n}=1)$ $F(x, u)$
$||f_{n}|| \simeq\max\{||f_{n-1}||, \cdots, ||f_{0}||\}\approx 1$ (2)
$a,$
$b$ $F(x, u)\vdash\Rightarrow aF(b_{X}, u)$
$(s)=\mathrm{d}\mathrm{e}\mathrm{f}(s_{1}, \ldots, s_{\ell})\in \mathrm{C}^{\ell}$ $F(x, s)\in \mathrm{C}[x]$ $\alpha$
$F(\alpha, s)=0$ (3)
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1 $F(x, s)$ $(s)$ $F(x, u)$ Newton (singular
point) (non-singular point) $(s)$
$\Leftrightarrow \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}(F(x, s),$ $\mathrm{d}F(x, S)/\mathrm{d}x)=0$ $\blacksquare$
$(s)$ $F(x, s)$ $\alpha$ $\alpha$ $(\alpha, s)$
( $[\mathrm{W}\mathrm{a}]78]$ )
$F(x, u)$ $\overline{\chi}(u)$ – $(\alpha, s)$ $(u)=(s)+(v)$
$v_{1},$ $\ldots,$ $vp$ ( ) $\chi(v)$
$\chi(v)$ $\chi(v)$ $k$ ( ) $\chi^{(k)}(v)$
$\chi^{(0)}=\alpha$ $x^{(1)}(v),$ $\chi^{(2)}(v),$ $\cdots$ Newton
( $[\mathrm{K}\mathrm{T}78],[\mathrm{G}\mathrm{c}\mathrm{L}92]$ )





1 2 ([SY99] )
$F(x, u)=x^{6}-3(u-1)x^{4}-2uX^{3}+3(u^{2}-2u+1)x^{2}-6(u-u)2X-u^{3}+4u^{2}-3u+1$
$s=0.517$ $(\Rightarrow u=0.517+v)_{\text{ }}$ 4
$\chi^{(4)}(v)$ $=$ $($ -0.4012978676277880536–000008628154461670816683 $i)$
$+$ $($ -0.2587349243255296906–1.167585113458430428 $i)v$
$+$ $($ 0.1668181426979336807–008344507519359525892 $i)v^{2}$
$+$ (-0.1793895553538013117–06958222465143548943 i) $v^{3}$













$F(x, u_{1}, \ldots, u\ell)rightarrow F(x, tu_{1}, \ldots , tup)$ $t$
2 Puiseux $t$
$F(x, 0)=x^{m}$ $F(x, u)$
$x^{e_{x}}tee1e\ell {}^{t}u_{1}\cdots u_{p},$ $e_{1}+\cdots+ep=e_{t}$ , 2 $(e_{x}, e_{t})$
( 1 ) $x^{m}$ $(m, 0)$
–
– $\mathcal{L}_{0}$ Newton ( 1 ) $\mathcal{L}_{0}$
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, u)$ Newton
$c_{0}$ $-\lambda$ $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ ( $X$ , tu) $x$ $t^{\lambda}$
1:
$F$ ( $x$ , tu) * $F_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, u)=0$ $\theta$ :
$F_{\mathrm{N}\text{ }\mathrm{w}}(\theta, u)=0_{0}$ $\theta$
$\theta$ 1 $c_{0}\Rightarrow \mathcal{L}_{1}\Rightarrow \mathcal{L}_{2}\Rightarrow\cdots$
$F$ ( $x$ , tu) $t$
Newton $-\lambda$ $\hat{\tau}$ $\hat{\tau}/\hat{m}=\lambda$,
$\mathrm{g}\mathrm{c}\mathrm{d}(\hat{\tau}/\hat{m})=1$ $\hat{I}_{k}$ $\hat{I}_{k}=\langle_{X,b^{\lambda}}\rangle m$ . $\langle t^{k/\hat{m}}\rangle$
$\hat{\chi}^{(k)}$ (tu)
$\hat{F}$ ( $\hat{\chi}^{(k)}$ (tu), $tu$ ) $\equiv 0$ (mod $\hat{I}_{k+1}$ ), $\mathrm{o}\mathrm{r}\mathrm{d}_{t}(\hat{\chi}^{()}k)=\lambda+k/\hat{m}$
(4) [SSKOO]
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2 $\hat{F}(x, u)$ $\theta$ $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, u)$
(0) $(tu)=t^{\lambda}\theta$ “ ” $\hat{\chi}^{(k)}$ (tu) $(k\geq 1)$
$\hat{\chi}^{(k)}$ $(tu)=t^{\lambda}\theta+\hat{y}_{1}(tu)+\cdots+\hat{y}_{k}$(tu)
$\mathrm{o}\mathrm{r}\mathrm{d}_{t}$ ( $\hat{y}_{j}$ (tu)) $=\lambda+j/\hat{m}$ $(j=1,2, \ldots, k)$ (5)
$\hat{y}_{j}(u)l2;u_{1},$
$\ldots,$
$u_{\ell}\mathit{0})$ 6 $\theta \mathit{0}$)
$\blacksquare$
2 ( ) “ ”
$\hat{F}(x, u)=x^{2}-2(u_{1}+u_{1}^{2})x+u_{1}^{2}-u^{2}-u_{3}^{2}2+2u_{1}^{3}+u_{2}^{3}+u_{3}^{3}+u_{1}^{4}$
Newton $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}$$( x, tu)=x^{2}$ – $2u_{1}x+(u_{1}^{2}-u_{2}^{2}-u_{3}^{2})$ $\theta$
$\theta^{2}-2u_{1}\theta+(u_{1}^{2}-u_{2^{-}}^{2}u^{2})3=0$ $t$ 2 $\hat{\chi}^{(2)}$
$\hat{\chi}^{(2)}$ (tu) $=tu_{1}+t^{2}u_{1}^{2}+(t \theta-tu_{1})\cdot[1-t\frac{u_{2}^{3}+u_{\mathrm{s}}^{3}}{2(u_{23}^{2}+u^{2})}+t^{2}\frac{(u_{2}^{3}+u^{3})^{2}3}{8(u_{2^{+}3}^{2}u^{2})^{2}}]$
$\theta$ 2 $\theta$ 1 $t$ $u_{2},$ $u_{3}$
$\blacksquare$
“ ”
3“ ” $\hat{\chi}^{(k)}$ (tu) $u_{j}$
$\hat{\chi}^{(k)}(u)=\chi_{\mathrm{i}}^{(k)}(u)+\hat{\chi}_{\mathrm{n}}^{(k)}$ $(. . . , u_{j-1}, u_{j+1}, \ldots)$ , $\chi_{\mathrm{i}}^{(k)}(u)\in \mathrm{C}[u_{1}, \ldots, u_{\ell}]$ (6)
$\hat{\chi}^{(k)}$ (tu) { $u_{j}$ integral non-integral (rational
4|{ algebraic) $\blacksquare$
2 $\hat{\chi}^{(k)}$ (tu) ( $u_{1}$ integral $u_{2},$ $u_{3}$ non-integral
non-integral integral
$P\geq 2$ integral $\ell=1$ integral
3
$F(x, u)$ $(u)=(s)$ $G(x, v)$ :
$G(x, v_{1}, \ldots, vl)^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}F(x, s_{1}+v_{1}, \ldots, s_{l}+v_{l})$ (7)
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$G(x, v)$ $v_{1},$ $\ldots,$ $v\ell$ :
$G(x, v)$ $=$ $G_{0}(x)+G_{1}(x, v)+\cdots+c_{\tau}(x, v)$ (8)
$G_{j}(x, v)$ $v_{1},$ $\ldots$ , $j$
$G_{j}(x, v)$ $x$ $i$ $G_{j}^{(i)}(X, v)$ $\beta$ :
$G_{j}^{(i)}(x, v)^{\mathrm{d}\mathrm{e}}=^{\mathrm{f}}\mathrm{d}iGj(x, v)/\mathrm{d}_{X^{i}}$ , $\beta^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\mathrm{d}c_{0}(x)/\mathrm{d}_{X}|_{x\alpha}=$ (9)
4( ) $\chi^{(k)}(v)$
$x^{(k)}(v)=\alpha+y_{1}(v)+\cdots+y_{k(v)}$ , tdeg $(y_{j})=j(j=1, \ldots, k)$ (10)
$y_{k}(v)$ { Newton $k$ $y_{k}(v)$









$\chi^{(k)}(v)$ “ ” $\hat{\chi}^{(\infty)}(u)$
$v+s$
I “ ” integral
(6) $x_{\mathrm{i}}^{(k)}(u)$ o $x_{\mathrm{i}}^{(k)}(u)\in \mathrm{C}[u_{1}, \ldots ; u_{\ell}]$ .
$\lim\chi^{(k)}(v)\equiv$ $\lim\chi_{\mathrm{i}}^{(k)}(s+v)$ $(\mathrm{m}\mathrm{o}\mathrm{d} (v)^{k+1})\Rightarrow$ convergent (13)
$||s||arrow 0$ $||s||arrow 0$
$\chi^{(k)}(v)$
II “ ” non-integral
$A(u)$ $\kappa$ : $\deg_{t}(A(tu))=\kappa_{\mathrm{o}}A(s+v)$ Taylor










$y_{k}(v)=-[G(\alpha+y1+\cdots+yk-1, v)]$ $k$ $/\beta$ (14)
$y_{k}(v)$ 3
Step $0$ : $\alpha$ $G_{j}^{(i)}(x, v)$ ( $\Rightarrow$ ?) $0$
Step 1( : $y_{k}(v)$ 4





(3) $||G_{j}^{()}(i\alpha, v)$ $||$
(4) $||y_{k}(v)||$
(5) $= \max||c_{j}^{(i)}(\alpha, v)$ $||-||y_{k}(v)||_{0}$
4.1 ( )
$F(x, u)$ $\delta$
: $\delta^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\sqrt{s_{1^{++s_{p}}}^{22}}<<1_{\mathrm{O}}F(x, u)$ $\hat{F}(x, u)$
$\tilde{F}(x, u)$ ( Hensel ) :
$F(x, u)=\hat{F}(x, u)\overline{F}(x, u)$ , $\hat{F}(x, 0)=x^{m}$ , $\tilde{F}(0,0)\neq 0$ (15)
$\alpha$ $\hat{F}(x, s)$ $\hat{F}(x, u)$ Newton
$-\lambda$









$k$ $\delta$ $O(1)$ )
$||\gamma\{G_{j\mathrm{o}j_{1}j\kappa}^{(}/\beta\}^{e_{0}}\{0)(G)/i_{1}(\beta\}^{e}1\ldots \mathrm{t}ci_{\kappa})/\beta\}e_{\kappa}||$
$=$ $O(\gamma)o(\delta(1-0)\lambda-j_{0})e_{0}o(\delta(1-i1)\lambda-j1)e1$ . . . $O(\delta^{(-}1i\kappa)\lambda-j\kappa)e\kappa$
$=$ $O(\gamma)o(\delta^{()\lambda(i}\Sigma e_{r}-\Sigma re\Gamma)\lambda-(\Sigma jrer))=O(\gamma)o(\delta^{\lambda k}-)$
* $\chi^{(k)}(v)$
5 $F(x, u)$ $\delta$ : $0<<\delta\ll 1$
“ ” $\hat{\chi}^{(\infty)}(u)$ integral
$\hat{T}_{\kappa}(u)$ , $\mathrm{o}\mathrm{r}\mathrm{d}_{t}(\hat{\tau}\kappa(tu))=\kappa$ , $T_{k}(v)$ , $\mathrm{o}\mathrm{r}\mathrm{d}_{t}(\tau k(tv))=k$,
$\chi^{(k)}(v)$ $k<\kappa$ $T_{k}(v)$ $O(\delta^{\lambda k}-)$
$k\geq\kappa$ $T_{k}(v)$ $O(\delta^{\lambda\kappa}-)$ $\blacksquare$
$\chi^{(k)}(v)$ $O(\delta^{\lambda k}-)$ non-integral $||s||arrow 0$
$\hat{\chi}^{(\infty)}(s+v)$





2: $\Omega$ $S_{1},$ $S_{2},$ $\cdots$
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$F(x, u)$ 1 $\Omega$
( 2 ) $\Omega$ $S_{1},$ $\ldots,$ $S_{\sigma}$ $S_{i}$
$F_{S}$, $(x, u)$ $\alpha$ $F_{S_{i}}(x, s)(1\leq i\leq\sigma)$
$\alpha$ $F_{S_{\iota}}(x, s)$ A-




$(F_{S_{\iota}}(x, s)$ $F(x, u)$ $(s)$ $(\hat{s})$
$F_{S_{\iota}}(x, s)$
) $\beta$






$o(\hat{\gamma})o(D^{()j\mathrm{o}}1-0\overline{\lambda}-)^{e}0O(D(1-i_{1})\overline{\lambda}-j1)e_{1}$ . . . $O(D^{(1-i}\kappa)\overline{\lambda}-j\kappa)^{e_{\kappa}}$
$=$ $o(\hat{\gamma})$
$o(D^{(\Sigma e_{r}})\overline{\lambda}-(\Sigma irer)\overline{\lambda}-(\Sigma j_{r}er))=O(\hat{\gamma})$ $o(D^{\overline{\lambda}k}-)$
$O(D^{-k})$ $O(D)$
6 $D>>1$ $F(x, s)$ $\alpha$ $O(|\alpha|)$







$(\hat{\alpha},\hat{s})$ $m$ ( ) :
$\partial^{i_{0}}$ $\partial^{i_{1}}$
$\overline{\partial x^{i_{0}}}\overline{\partial u_{1}^{i_{1}}}\ldots\frac{\partial^{i_{\ell}}}{\partial u_{p}^{i_{l}}}F(X, u)|_{x=\hat{\alpha},(u})=(\hat{s})=0$ for $i_{0}+i_{1}+\cdots+i_{\ell}\leq m-1$ (21)
$\alpha$ $F_{S_{\iota}}(x, s)$ $F_{S_{L}}(x, s)$ $\alpha$ $|\alpha-$
$\alpha’|\ll|\alpha|$ $\alpha’$ $\beta$ $||c_{j}^{(i)}(\alpha, v)||$





$\frac{1}{j!},[(\alpha-\hat{\alpha})\frac{\partial}{\partial x}+(_{S}1-\hat{S}_{1})\frac{\partial}{\partial u_{1}}+\cdots+(sp-\hat{S}p)\frac{\partial}{\partial u_{\ell}}]j’F(X, u)$
2 $G_{j}^{(i)}(\alpha, v)$ $\frac{\partial^{i_{0}}}{\partial x^{\mathrm{z}}\mathrm{o}}\frac{\partial^{i_{1}}}{\partial u_{1}^{\iota_{1}}}\cdots\frac{\partial^{i_{l}}}{\partial u_{\ell}^{\iota_{\ell}}}F(X, u)|_{x=\overline{\alpha}},$$(u)=(\hat{s})$
$||G_{j}^{(i)}(\alpha, v)||$
$\frac{||G_{j}^{(i}())\alpha,v||}{\hat{B}_{i,j}}=\{$
$O(1)$ , $i+j\geq m$
$O( \max\{|\alpha-\hat{\alpha}|/|\hat{\alpha}|, ||s-\hat{s}||/||\hat{s}||\}^{m-(ij}+)))$ , $i+j<m$
(22)
$\hat{B}_{i,j}=\max\{\frac{(n-1)!}{(n-i-1)!}|\hat{\alpha}^{n-i1}-gj,n-1(\hat{S})|,$ $\frac{(n-2)!}{(n-i-2)!}|\hat{\alpha}^{n-i2}-gj,n-2(\hat{S})|,$ $\cdots\}$




Case 1: $O([D’/D]^{\eta_{1}})$ , $1/m\leq\eta_{1}<1$
Case 2: $O([D’/D]^{\eta_{2}})$ , $\eta_{2}=1$




(22) $O( \max\{|\alpha-\hat{\alpha}|/|\hat{\alpha}|, ||s-\hat{s}||/||\hat{s}||\}$
$\{$
$||G_{0^{i1}}^{(>)}(\alpha)||$ $=$ $O(D^{(-i}\overline{n})\overline{\lambda}-0+\overline{\tau})\cdot o([DJ/D]^{\max\{}0, (m-i)\eta\alpha\})$










$||\{G_{0}^{(i_{1}’)}/\beta\}e’..(i’)\mu\prime 1.\{c_{0}/\beta\}^{e}\mu$ . $\{G_{j_{1}j_{\kappa}}^{(i_{1}}/)\beta\}e1\ldots\{c(i\kappa)/\beta\}^{e}\kappa||$





Case 3: $O([D’/D]^{(1-k)-(-1)(mkm+1)}\eta 3-)$
(27)
$D’$ $\lim_{karrow\infty}||y_{k}(v)||\propto[D’]^{-k}$
Case 2 Case 3
Case 1
Case 1 Case 2 3
7 : $D^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}$ $||s||$ $\gg 1_{\mathrm{o}}$ $(\hat{s})$
: $||s-\hat{s}||\mathrm{d}\mathrm{e}\mathrm{f}=D’\ll D$ $F(x, s)$ $\alpha_{\text{ }}F(x,\hat{s})$ $\hat{\alpha}$
$|\alpha-\hat{\alpha}|/|\hat{\alpha}|=O([D’/D]^{\eta})$ $\eta=1$ $y_{k}(v)$ $O([D/D’]^{C}k),$ $c>0$ ,
$\eta>1$ $O([D/D’]^{(\eta 1)k}-m)$ $\blacksquare$
3 ( ) $\eta=1$
$F(x, u)$ $=$ $x^{6}-3(u-1)_{X}4-2uX^{3}+3(u^{2}-2u+1)x^{2}$
$-6(u^{2}-u)x-(3/4)u^{3}+4u^{2}-3u+1$
1 $u^{3}$ $\hat{s}_{1}=1270.84\cdots,\hat{s}_{2}=753.57\cdots$
$s=1260$ : $D=$ 1260, $D’\approx 10.84_{\mathrm{o}}F(x,\hat{s})$ $\hat{\alpha}=39.644\cdots$
$F(x, s)$ : $\alpha_{1}=38.405\cdots,$ $\alpha_{2}=40.096\cdots\circ$
$|\alpha_{i}-\hat{\alpha}|/|\hat{\alpha}|=O(D’/D)$ $\alpha=\alpha_{2}$
8
$\chi^{(8)}(v)$ $=$ 40.09 $\cdots-\mathrm{o}.01232\cdots v-0.0006800\cdots v^{2}$
$-3.119\cdots\cross 10^{-53}v-1.798\cdots \mathrm{x}10^{-6}v^{4}-1.160\cdots\cross 10^{-7}v^{5}$
$-8.029\cdots \mathrm{X}10^{-}96-v5.818\cdots\cross 10^{-10}v7-4.359\cdots \mathrm{x}\mathrm{l}\mathrm{o}^{-11}v^{8}$
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2 $v^{k}$ k $k$ $O(1/D’)$






integral “ ” $\hat{x}^{(k’}()u)$
integral $\chi_{0}^{(k)}’(u)$ $\chi_{0}^{(k’)}(s+v)$ $\chi^{(k)}(v)$
$x_{0}^{(k’)}(u)\in \mathrm{C}[u]$ $\chi_{0}^{(k’)}(S+v)$ $||s||\ll 1$
$k’$ $k$ $\chi^{(k)}(v)$
4 1
$F(x, u)$ $\hat{s}=0.5169261021\cdots$ $F(x,\hat{s})$ $\hat{\alpha}=-0.4012787467\cdots$
$F(x, u)$ $(x, u)=(\hat{\alpha},\hat{s})$ :
def





$\hat{F}(\hat{x}$ , 2 4
Newton $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(\hat{X},\hat{u})=3.733\cdots\hat{x}^{2}+1.932\cdots\hat{u}\hat{x}+5.339\cdots\hat{u}^{2}$ $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(\hat{X}$ ,\^u $)$
$\hat{F}(\hat{x}, \text{\^{u}})$ 1 $\hat{\chi}^{(1)}$ (\^u) ( – ) :
$\hat{\chi}^{(1)}$ $(\text{\^{u}})=$ (-0.25875958225623+1.1675727920436 i)\^u
5
$\hat{\chi}^{(5)}$ (\^u) $=$ (-0.25875958225623+1.1675727920436 i) \^u
$+$ ( 0.1668578810829 $+0$ 083290774208661 i) $\hat{u}^{2}$
$+$ (-0.17932703036999+06959452980097 i) $\hat{u}^{3}$
$+$ (0.23127358645056+0097976775282851) $\hat{u}^{4}$
$+$ (-0.32809453682074+12907084531487 i) $\hat{u}^{5}$
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\^u $v+(0.517-\hat{S})$ $v$ 3
$\chi^{(3)}(v)$ $=$ (-0.40129786762779–0000086281544621635 i)
$+$ $($ -0.25873492432482–1.1675851134593 $i)v$
$+$ $($ 0.16681813302697–0083445063954989 $i)v^{2}$
$+$ (-0.17925868582708–06959743295761 i) $v^{3}$
$|0.517-\hat{S}|\approx 10^{-4}$ $\hat{\chi}^{(6)}$ 6
$\chi^{(3)}$ $v^{i}$ $O(10^{-4}(6-i))$ $\chi^{(3)}(v)$
$O(10-12)$ $\blacksquare$
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